We provide the first exact solution of the Bethe-Salpeter (BS) equation for 1 + states in the condition of making instantaneous approximation to the equation and wave function. To overcome the shortcoming of the instantaneous approximation, the retardation effect has also been considered. With a general covariant setup of the wave function, which is defined by a combination of eight covariant structures, we solved the BS equation numerically, obtained two set of mass spectra and wave functions, which can be used to provide accurate calculation, since the mixing is automatically obtained by the dynamics in the equation, not by hand. The result indicates that in a rigorous study there exist the phenomenon of mixing angle inversion or mass inversion within 1 + heavy-light doublet, which is sensitive to the strange quark mass for the charmed mesons, and up and down quark masses for the bottomed mesons. This inversion phenomenon can answer the question why we have confused mixing angles in literature, and indicate the lower mass of D s1 (2460) than that of D s1 (2536). We also find that the decay constants can serve to distinguish the two 1 + states.
Introduction.-Bethe-Salpeter equation was established long time ago by Bethe and Salpeter [1] , it is a relativistic dynamic equation to describe a bound state, and hard to be solved, so many approximate versions have been developed, the most famous one is the instantaneous BS equation provided by Salpeter [2] , also called Salpter equation. But the Salpeter equation is still complicated, authors like to make further approximation to solve it, but in this Letter, we provide a exact solution to the Salpeter equation for 1 + states.
In recent years, many new bound states have been found in experiments, among them including the heavy-light 1 + doublet, two states with same J P quantum number, which are more complicated than other excited states because of the mixing problem. For a heavy-light meson, its property is mainly determined by the light quark ( j q = 1 2 + L), and the four L = 1 P-wave states can be grouped into two doublets in the Heavy Quark Effective Theory (HQET), narrow states j q = 3/2 (J P = 1 + , 2 + ) and broad ones j q = 1/2 (J P = 0 + , 1 + ) in j-j coupling, so there are two 1 + states physically. Relativistic methods [3] [4] [5] [6] can provide us more reliable and detailed study for the 1 + doublet. But instead of the physical states, relativistic methods usually give the results of 1 P 1 and 3 P 1 directly, which is in S-L coupling, and to obtain the physical states, a mixing angle is needed (see Eq. (15) below). Theoretically, the mixing angle can be determined by the interaction between quarks [7] . However, since it is hard to give rigorous potential, the obtained results of mixing angle in current literature are illogical and confused, some model give negative value, others positive, and both with large ranges, so a free mixing angle is always chosen in literature.
On the other hand, the mass relation between the two 1 + states is also a problem. The mass of broad state D 1 (2430) is little heavier than those of the narrow state D 1 (2420), while compared with the narrow state D s1 (2536), broad state D s1 (2460) has a much lower mass. The Coupled Channel Effect (CCE) [8, 9] has been used to answer the question of low mass of D s1 (2460). But we want to know, if ignore the CCE or CCE has small contribution, then what the mass relation like between the two heavy-light 1 + states. Long time ago, Schnitzer first noted that according to the spin-orbit interaction between quarks, there may be the inverted mass relations between 1 2 and 3 2 multiplets [10, 11] , this is not right for the 0 + and 2 + states, but we want to know, if this will happen to the two 1 + states.
To solve above problems, the BS method is expected to provide more reliable and rigorous results, since all the existing methods solved two equations, and the corresponding results are mixed by hand to produce two 1 + states. But as a fully covariant method, we will write down the BS wave functions for the axialvector 1 + meson with general covariant structures, as a eigenvalue problem, then one equation (BS or Salpeter equation) will produce two set physical solutions of 1 + states, and concrete results will be automatically mixed by the dynamics in the equation.
Instantaneous Bethe-Salpeter Equation-The BS equation for a meson with momentum P and mass M is [1] ,
where χ P (q) is the BS wave function; V(P, q, k) is the interaction kernel; inside the meson, quark has momentum p 1 and mass m 1 , antiquark p 2 and m 2 ; the momenta have the relations p 1 = α 1 P + q, p 2 = α 2 P − q, α i = m i m 1 +m 2 (i = 1, 2), q (k) is the inner relative momentum between quark and antiquark, which can be divided into two parts q µ = q µ + q µ ⊥ , where q µ ≡ q P P µ /M ≡ (P · q/M 2 )P µ and q µ ⊥ ≡ q µ − q µ . In the center-of-mass system of the meson, q and q ⊥ turn to be the usual components (q 0 , 0) and (0, q ).
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Since the time-dependent potential is unclear and confused, so the instantaneous approximation is welcome and suggested by Salpeter [2] , under the instantaneous approximation, V(P, q, k) ⇒ V(| q − k|). Then with the definitions
, the Eq. (1) can be written as
S (p 1 ) and S (−p 2 ) are the propagators of the quark and antiquark, which can be written as
where ω i = m 2 i − q 2 ⊥ , and projection operators Λ ± 
where ϕ ±± are defined as ϕ ±± ≡ Λ ±
Relativistic wave function for 1 + state and mixing angle.-Before solving the equation, we should know the structure of wave function, since the J P is good quantum number in any case, so for the 1 + state, we provide a general relativistic wave function with instantaneous approximation,
where f 1−4 and h 1−4 are the radial wave functions; µPq ⊥ ξ = µναβ P ν q α ⊥ ξ β and µναβ is the totally antisymmetric Levi-Civita tensor; ξ is the polarization vector of the meson and fulfills P · ξ = 0.
The interaction kernel we used is the Coulomb-like potential plus the unquenched scalar confinement one [12] ,
where λ is the string constant, α s (r) the running strong coupling constant, and V 0 a free constant fixed by fitting the data.
Factor e −µr is introduced to incorporate the screening effect in the linear confinement potential [13] . Though with a simple potential, we can provide accurate study, the reason is that the wave function Eq. (7) is a covariant relativistic function, it is equivalent that we provide a full relativistic potential, and more, with this relativistic wave function, we can provide more rigorous calculations.
Since the instantaneous approach is not very good for a light quark, to overcome this shortcoming, we consider the retardation effect by making replacement q 2 by q 2 − (q 0 ) 2 [14, 15] in potential V( q 2 ), where q 0 = (α 2 p 1 − α 1 p 2 ) 0 and here p 0 1(2) is calculated by on-shell approximation. It can be easily checked that, the whole wave function Eq. (7) is J P = 1 + , but the first part, consisting of f 1 , f 2 , f 3 and f 4 , has the J PC = 1 +− ( 1 P 1 ), while the second part, consisting of h 1 , h 2 , h 3 and h 4 , has J PC = 1 ++ ( 3 P 1 ). So we can also simply decompose ϕ(1 + ) as,
where we have defined the mixing angle θ nP for the excited nP state. Not all the radial wave functions are independent, from the last two constrained conditions, Eq. (6), we obtain
where
With the wave function structure of Eq. (7) as input, after taking trace to get rid of the Gamma matrix, we obtained four independent equations from equations (4) and (5), then the remained 4 independent radial wave functions f 1 , f 2 , h 1 and h 2 and mass spectra of 1 + states are obtained by solving these four equations numerically.
The normalization condition (Eq.(12) in Ref. [16] ) of the 1 + states is
where A(ω) = 8ω 1 ω 2 (m 1 ω 2 +m 2 ω 1 ) . Then by using Eq. (9), the mixing angle θ nP can be calculated as,
To present our results clearly, we introduce some notations, we define the transformation matrix R(α) as
then the relations between j − j coupling and S − L coupling for P-wave states are [7, 17] 
where θ H = arctan √ 1/2 = 35.3 • is the ideal mixing angle in heavy quark limit. Here we denote the physical lower mass state of the 1 + state by |nP l , and the higher mass one |nP h , n is the radial quantum number. Then the mixing relations can be defined with the mixing angle θ nP and θ nH as [4] Wave function GeV Decay constant.-As a sensitive test to the wave function, we calculate the decay constant. For a 1 + meson, it is defined as
where Γ µ = γ µ (1 − γ 5 ). In this method,
where N c = 3. Then the decay constant
We can see that the decay constant is sensitive to the relative sign of f 3 and h 4 , and hence the sign of θ nP . Table I. 85.9 −0.5
+0.4
By solving the instantaneous BS equation (the detailed pro-cedures on solving the full Salpeter equation can be found in our previous work [12] ), we obtained numerical results including two sets of solutions. The wave functions, though with same structure, but with different radial values, see Fig. 1 . In Fig. 1(a) and Fig. 1(c) , the 1 + cū radial wave functions of low mass states |nP l with n = 1, 2 are shown, while the results of the corresponding partners, namely the high mass states |1P h and |2P h are displayed in Fig. 1(b) and Fig. 1(d) .
The different structure of radial wave functions of two 1 + states will lead to different physics, for example, the decay constants.
The mass spectra, decay constants and mixing angles are present in Tab. I. We can see clearly, there exist the 1 + doublet, two states with close mass. The predicted masses of two 1 + cū are consistent with experimental data, while because we didn't consider the effect of CCE, the theoretical mass for D s1 (2460) is about 70 MeV higher than experimental data. We found that the retardation effect is important for the mass splitting 2P − 1P of the mesons with one light quark, it is about 85 ∼ 210 MeV larger than that of without retardation effect, while for the double-heavy bc system, it is only 25 MeV larger.
The mixing angles θ 1P for cū and cd systems both are 35.1 • , very close to 35.3 • predicted in heavy quark limit. So for cū and cd systems, physical state |1P l is the | 3 2 dominant narrow state with a small decay constant, |1P h is the | 1 2 dominant broad state with a large decay constant.
However, for cs system, the mixing angle θ 1P is −60.4 • , then |1P l with large decay constant corresponds to | 1 2 dominant broad state D s1 (2460), while |1P h with small decay constant is the | 3 2 dominant narrow state D s1 (2536). So without the CCE, D s1 (2460) also has a lower mass than D s1 (2536).
To investigate the relation between light quark mass m q and θ 1P in 1 + cq systems, we let m q change from 0 to m c , the result is displayed in Fig. 2(a) . First, θ 1P keeps almost constant near the value of 35.3 • predicted by HQET when m q ranges from 0 to 0.35 GeV; then increases quickly and reaches the peak at m q = m Max 0.4 GeV; when m q > m Max the sign of θ 1P is changed (a negative sign is added in the figure) and the absolute value drops rapidly as m q increases until about m q 0.5 GeV; finally, θ 1P increases to −90 • as m q closes to m c . When m q = m c , θ 1P = −90 • means the charmonium system has definite charge conjugation parity. This method is still valid for charmonium or bottomnium, and the results are exactly the same as that we solve the 3 P 1 and 1 P 1 states separately in Ref. [18] , this is another test of correctness of this method. The sign of mixing angle or the mass inversion happened when the light quark mass is around 0.4 GeV, so this inversion picture of the mixing angle can well explain the mass inversion of the 1 + states D s1 (2536) and D s1 (2460), and partly explain the low mass of D s1 (2460). We also display the dependence of decay constants on m q for 1 + cq systems in Fig. 2(b) . The variation of decay constants are consistent with the mixing angle.
The dependence of θ 1P on m q for 1 + bottomed states is displayed in Fig. 3(a) , and in Fig. 3(b) the variation of decay constants versus m q . From Tab. I and Fig. 3(a) , we can see that, for bottomed 1P mesons, since the mixing angle inver- sion happens around m q 0.27 GeV, which is very close to the constitute quark masses of u and d, but much lower than the s quark mass. So the mass inversions exist for bs and bc 1P states, while for bū and bd systems, the inversion phenomenon is sensitive to the choice of light quark mass. In our calculation, the quark masses m u = 0.305 and m d = 0.311 GeV, so the inversions are also exist for bū and bd ground states. And our results indicate that, the non-observed 1 2 dominant broad states B 1 and B s1 are lighter than their partners B 1 (5721) 0 and B s1 (5830) 0 , respectively. In Ref. [19] the authors also get a similar result within the QCD string model, they achieved θ 1P = −78.7 • and B 1 is 10 MeV smaller than B 1 (5721), which are consistent with our predictions.
Our results of decay constants close to the previous studies of Refs. [18, [20] [21] [22] , and one can see that from Tab. I, Fig. 2  and Fig. 3 , the decay constant of narrow |1P state is usually much smaller than that of broad |1P state, f 1P f 1P , so de- cay constant can behave as a good quantity to distinguish the 1 + doublets of the heavy-light mesons, especially when both states are narrow (because of small phase space, broad state may has a narrow width) and then hard to identify them by mass and width, such as the situation in D s1 and B s1 systems. For excited states, the situation is different, there are no mass inversion for all the 2P charmed mesons, but for 2P bottomed mesons, inversion happened for bottom-stranged and bottom-charmed states.
To see the sensitivity of the results on the model parameters, we calculate the theoretical uncertainties by varying potential parameters λ, Λ QCD , σ, µ, V 0 and all the constituent quark masses by ±3% simultaneously, and show the maximum deviation in Tab. I. Considering the uncertainties of parameters, we obtain large ranges of mixing angle and decay constant for 1 + heavy-light states because of the peak structure of special inversion, this may be the reason why large range mixing an-gles exist in literature. We also note that, for 1P bū and 2P bs (similar to bd if with larger variation of down quark mass), the inversion phenomenon is sensitive to the choice of light quark mass, there may be no inversion within the errors.
Summary.-In this Letter, we provide the first exact solution of Salpeter equation for axialvector 1 + states, two set of solutions are obtained. Since BS equation is a relativistic dynamic equation, and with the general covariant structure of wave function as input, we obtained more rigorous results of mass spectra, wave functions, and mixing angles. We found there is the phenomenon of the mixing angle inversion along with variation of light quark mass, and this phenomenon result in the mass inversion within the 1 + doublet, which could be used to explain the mass inversion between D s1 (2536) and D s1 (2460). We should point out that, the exist of mass or mixing angle inversion is not sensitive to the choice of the parameters of potential model, it should exist in a careful study, while the inversion position is sensitive to the choice of light quark mass. This inversion and peak picture also explained why the obtained mixing angles have confused values with large ranges in literature. And we also found that the decay constants could provide us another quantities to identify the 1 + and 1 + doublet, as it is difficult to do so by the masses and widths.
